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Clifford Algebra Structure and Einstein's Equations 

E. S ted i l e  l 

Received December 7, 1995 

We point out that a Clifford algebra representation for the Riemannian curvature 
leads to an equation for gravity similar to the Yang-Mills equation, in a gauge 
model for gravity with the Lorentz group. Einstein's equation of general relativity 
emerges as a natural solution in this approach. 

Dirac-like equations are the basis of the Bargmann-Wigner classification 
for an irreducible representation of the Poincar6 group. Since both the photon 
and the neutrino fit into the Bargmann-Wigner scheme (Bargmann and Wig- 
ner, 1948), they are associated with zero-mass representations of the Poincar6 
group. This is due to the fact that the dynamical Maxwell equations can be 
written in a form similar to Weyl's equation (Laporte and Uhlenbeck, 1931) 
for the neutrino. Moreover, the linearized Einstein equation can be similarly 
formulated in such a form (Doria, 1973). In the present paper we point out 
that if we include a Yang-Mills (YM) formulation for gravity with the Lorentz 
group in a structure that generalizes the Clifford algebra, then we are led 
naturally to Einstein's equations of general relativity (GR). 

The mathematical setting we consider is given by the following assump- 
tions: let At be a smooth, four-dimensional space-time manifold endowed 
with a nondegenerate metric tensor g with signature - 2  and let P(At, G) be 
a G-principal bundle over At, where G is the Poincar~ group; let ®TAt be 
At/It's tensor bundle and l)At its covariant exterior bundle endowed with the 
differential operators d and B. Let us consider also associated vector bundles 
E(At, G), where E is a representation vector space for G, and let CAt be the 
Clifford bundle with respect to At's metric tensor, isomorphic to OAt. Here 
the objects are constructed on the bundles E ® CAt and E ® OAt. We also 
suppose the canonical isomorphism ~: CA ~ 12al, t, which is extended to ~: 
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E ® f ~ ,  and which is locally given by the assumption that the cotangent 
bundle T ~  C OJt~ and the generators of CWt are covectors L-)TJI~.. Finally, 
we consider that in a local system, T~t is spanned by {dx¢}, 13, = 0, 1, 2, 3, 
in such a way that we can identify t~ ~ = dx~, where "7 ~ are Dirac operators. 
In this structure we have an associative algebra with identity over a ring of 
C 5 real-valued functions defined locally on ~ .  

We recall that the ~3-algebra of the Poincar6 group is a vector space, 
given by the direct sum ~3 = Q G ~,  where Q and ~- are, respectively, the 
rotational (Lorentz) and translational sectors of ~3. A connection 1-form F 
= i",V', dr~ is an Q-valued connection in the Lorentz sector, where J~' are 
generators of the Lorentz group which define a basis in the Q-vector space. 
Here Latin indices m, n . . . .  are group algebra indices. The curvature of F 
is a 2-form also Q-valued and given by F = dF + F A F. From the gauge 
point of view F is a potential of a non-Abelian gauge theory and F is the 
corresponding gauge field. This curvature satisfies the Bianchi identity dF 
+ [ F , F ]  = 0. 

In order to analyze gravity in the gauge context, we follow the orthodox 
point of view of classical gauge theories. We recall that the assumption of 
a metric tensor g on the space-time manifold ~t brings an important conse- 
quence. Indeed, there is only one torsionless connection F preserving g~ ,  
i.e., it is such that the covariant derivative ~ '"g~ is vanishing if calculated 
with respect to the connection F. Such a very special metric connection is 
the Levi-Civit~ connection, whose curvature is given by the Riemann tensor. 
This fact points out a link of GR to space-time which is much stronger than 
that of the usual gauge theories. It is responsible for the fundamental difference 
between gravitation and gauge theories, since gravitation is more intimately 
related to the background space-time manifold. 

In this framework the YM equation is written as a breaking of  the dual 
symmetry of  the Bianchi identity for the Lorentz group. Sources to be inserted 
in the YM equation can be in general Noether current densities, whose 
"charges" are the generators of the Lorentz group: 

8F + *-~[F, *F] = *A (1) 

Since locally the space-time ~t is endowed with a Riemannian structure when 
we consider F as a Levi-Civit~i connection, we thus obtain for the YM 
equation in components 

~ m X ~ p  _ h ~ ' m  m c~'F~o.x + Fp F,,~.x F~ -/,Ca = A,,~ (2) 

where the tilde stands for the dual. In a dual basis (where the tetrads are 
h~ = 8~) the above equation becomes in a Riemannian manifold (Stedile 
and Duarte, 1995) 
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(7x/~x = A ~  (3) 

where we have assumed the transformation R~x ,~ -m ,, = h,,R,,~xh~, which repre- 
sents an isomorphism between the tangent space and space-time given in 
terms of the tetrad fields. In the above equation the operator ~' denotes the 
covariant derivative with respect to the first pair of indices (et, t3). 

For the Clifford algebra we consider eight generators { K~}, which satisfy 
the product rules 

[K~, K~]- = 0, [K~, Ki"]+ = 2g p" ( i , j  = 1, 2) (4) 

The generators K~ define a generalized space-time algebra ~ whose derivative 
operator D~ is linear and acts on the objects of ~ .  Hence, if f is a scalar 
function and if a and b denote generic elements of ~ ,  then we have the 
following properties (Doria, 1975): 

= ~ = - ~ P D~(ab) = (D~a)b +a (D~b)  (5) Dv.f O~f, D~K i F ~ t p K  i , 

where 0¢ OlOx ~'. If we define now K~ ~ = ' " = 7[~i,  Ki]-, we obtain easily 

D~K/~ ~ = -F~I3@ ~ - F~I~K~I3 (6) 

Although there are some restrictions when we try to construct a global system 
of Clifford bases on arbitrary space-times (Geroch, 1968), we can endow 
both the tangent and the cotangent spaces to 31 with a Clifford structure. If 
we choose a representation for the K-generators according to K~ = y¢ ® 1 
and K~ = 1 ® ~ ,  where 1 is the identity matrix, then a local cotangent basis 
{',/"} at a point p e 31 has the property [~/~, "y"]+ = 2g ~v. Defining now the 

p ~u p.v p quantities Sl = 2Ap~K~Kz , $2 = 2A~pK t K2, and V = TlV. ~"t'~"~'P'~l ~2 + 
~ p~ where V~vp~ are arbitrary functions of both F ~  and 0~F~, we obtain K 2 K 1 .,, 

that K~D~V = S~. These assumptions imply that 

(7) 

where semicolon denotes the covariant derivative with respect to the connec- 
tion F, relative to the first pair of  indices. 

The functional dependence of V~p,, on the Levi-Civitfi connection and 
on its derivative states that those V~p,~ can be in particular the components 
of the dual Riemann curvature tensor, and in consequence the first expression 
of equations (7) leads to the Bianchi identity, since/~,~x~ = , . ~ o  ..p~,~ ~ ~-~xp ~: • 

In this case the second expression of  (7) is the same YM equation given in 
(3). Otherwise, if we choose 

Avp{~ = (L,,;p ' - -  gg~,pOcrT) ggvcrc3pT) - (Tvp;{r  i 
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where T is the energy-momentum tensor of a source of gravity, then both 
equations (7) are satisfied if and only if 

R¢~ = T¢v - ½g~T  (8) 

which is Einstein's equation of GR. 
Hence, the framework presented here shows a link between a YM 

gauge formulation for gravity with the Lorentz group, and a Clifford algebra 
representation. In consequence, Einstein's equations emerge naturally when 
we assume a Levi-Civit~i connection. 
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